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ª 2011 University of Bahrain. Production and hosting by Elsevier B.V. All rights reserved.1. Introduction and preliminaries
Kubiak (1985) and Sˇostak (1985) introduced the notion of (L-)
fuzzy topological space as a generalization of L-topological
spaces (originally called (L-)fuzzy topological spaces by Chang
(1968) and Goguen (1973). It is the grade of openness of an
L-fuzzy set. A general approach to the study of topological-
type structures on fuzzy powersets was developed in Ho¨hle
(1980), Ho¨hle and Sˇostak (1995), and Kubiak (1985).
As a generalization of fuzzy sets, the notion of intuitionistic
fuzzy sets was introduced by Atanassov (1986). Recently,
C¸oker (1997) and C¸oker et al., 1996 introduced the notion of
intuitionistic fuzzy topological space using intuitionistic fuzzy
sets. Samanta and Mondal (2002) introduced the notion of
intuitionistic gradation of openness which a generalization of
both of L-fuzzy topological spaces and the topology of intui-
tionistic fuzzy sets (C¸oker, 1997).(S.E. Abbas).
n. Production and hosting by
ersity of Bahrain.
lsevierWorking under the name ‘‘intuitionistic’’ did not continue
because doubts were thrown about the suitability of this term,
especially when working in the case of complete lattice L.
These doubts were quickly ended in 2005 by Garcia and
Rodabaugh, 2005. They proved that this term is unsuitable
in mathematics and applications. They concluded that they
work under the name ‘‘double’’.
Csaszar (1963) gave a new method for the foundation of
general topology based on the theory of syntopogenous struc-
ture to develop a uniﬁed approach to the three main structures
of set-theoretic topology: topologies, uniformities and proxim-
ities. This enabled him to evolve a theory including the foun-
dations of the three classical theories of topological spaces,
uniform spaces and proximity spaces. In the case of the fuzzy
structures there are at least two notions of fuzzy syntopoge-
nous structures, the ﬁrst notion worked out in (Katsaras,
1988, 1985a, 1983) presents a uniﬁed approach to the theories
of Chang (1968) fuzzy topological spaces, Hutton fuzzy uni-
form spaces (Hutton, 1977), Katsaras fuzzy proximity spaces
(Katsaras, 1985b, 1980, 1979) and Artico fuzzy proximity
(Artico and Moresco, 1984). The second notion worked out
in Katsaras (1991, 1990) agree very well with Lowen fuzzy
topological spaces (Lowen, 1976), Lowen–Hohle fuzzy uni-
form spaces (Lowen, 1981) and Artico–Moresco fuzzy proxim-
ity spaces (Artico and Moresco, 1984).
In this paper, we establish the concept of double fuzzy syn-
topogenous structures as a uniﬁed approach to theores of
(Hohle and Rodabaugh) double fuzzy topology, double fuzzy
proximity spaces and double fuzzy uniformity spaces. Some
34 S.E. Abbas, A.A. Abd-Allahfundamental properties of them are established. Finally, the
relationship among double fuzzy syntopogenous structures,
double fuzzy topology, double fuzzy proximity and double fuz-
zy uniformity is studied.
Throughout this paper, let X be a nonempty set and
L= (L,6,,,^,>) a completely distributive lattice where
^(>) denotes the universal lower (upper) bound.
Deﬁnition 1.1. CQML, the category of complete quasi-monoi-
dal lattices, (Rodabaugh, 2003).
Comprises the following data, where composition and
identities are taken from SET:
(1) Objects: (L,6,x) where x : L · Lﬁ L is isotone and
>x >= >.
(2) Morphisms: All SET morphisms preserves x, > and
arbitrary .Deﬁnition 1.2. Categories related to CQML (Rodabaugh,
2003).
(1) QUML, the category of quasi-uniform monoidal lattices
is the full subcategory of CQML for which ‹x‹ is
associative, commutative and ‹ >‹ is identity.
(2) DQML, the category of deMorgan quasi-monoidal lat-
tices is the full subcategory of CQML for which * is
an order-reversing involution and each morphism pre-
serves the involution.
(3) QUANT, the category of quantales is the full subcatego-
ry of CQML for which x is distributive over arbitrary
joins, i.e.,ð _
i2C
riÞ  s ¼ _
i2C
ðri  sÞ:(4) CQUANT, the category of coquantales is the full subcat-
egory of CQML for which x is distributive over arbi-
trary meets, i.e.,ð ^
i2C
riÞ  s ¼ ^
i2C
ðri  sÞ:(5) DQUAT, the category of deMorgan, quasi-uniform
monoidal quantales.
In this paper, for each (L,6,x, *) 2 DQUAT, we deﬁne
x ¯ y= (x*x y*)*.
(6) DBIQUAT= DQUAT \ T COQUANT.
(7) CMVAL, the category of complete MV-algebra is the
full subcategory of DBIQUAT for which it satisﬁes
(MV) (x´ y)´ y= x  y, for all x, y 2 L where x´ y is
deﬁned by x´ y=  {zŒxx z 6 y} and x* = x´ ^.
Deﬁnition 1.3 (Kim and Ko, 2008). Let (L,6,x,¯, *)
2 ŒDQUATŒ and / : Xﬁ Y be a function. For each
x,{y,z 2 L,yiŒi 2 C, f, g 2 LX and fi 2 LY. we have:
(1) If y 6 z; ðx yÞ 6 ðx zÞ and ðx yÞ 6 ðx zÞ:
(2) x y 6 x ^ y 6 x _ y 6 x y:
(3) ^
i2C




yi ¼ ð ^i2C yiÞ

.




ðx yiÞ.Deﬁnition 1.4 (Cetkin and Aygun, 2010). The maps
T ;T  : LX ! L is called double fuzzy topology on X if it sat-
isﬁes the following conditions:ðLO1Þ T ðf Þ 6 ðT ðf ÞÞ; for all f 2 LX ;
ðLO2Þ T ð1;Þ ¼ T ð1X Þ ¼ > and T ð1;Þ ¼ T ð1X Þ ¼ ?;
ðLO3Þ T ðf1  f2ÞP T ðf1Þ  T ðf1Þ and T ðf1  f2Þ 6T ðf1Þ  T ðf1Þ; for each f 1; f 2 2 LX ;








T ðfiÞfor each f i 2 LX ; i 2 D:The pair ðX ;T ;T Þ is called an double fuzzy topological space
(dfts, for short).
Let ðX;T 1;T 1Þ and ðY;T 2;T 2Þ be dfts’s. A map / :
Xﬁ Y is called fuzzy continuons iff T 2 6 T 1 / L and T 2 P
T 1  / L :2. Double fuzzy topogenous order and double fuzzy topologies
Deﬁnition 2.1. A maps g, g* : LX · LXﬁ L is called double
fuzzy semi-topogenous order on X if it satisﬁes the following
axioms:
ðLST1Þ gðf ; gÞ 6 ðgðf ; gÞÞ; for all f ; g 2 LX ;
ðLST2Þ gð1X ; 1X Þ ¼ gð1;; 1;Þ ¼ > andgð1X ; 1X Þ ¼ gð1;; 1;Þ ¼?;
ðLST3Þ Ifgðf ; gÞ– ? and gðf ; gÞ – >; then f 6 g;
ðLST4Þ If f 1 6 f ; g1 6 g; then gðf1; g1Þ 6 gðf ; gÞand gðf1; g1ÞP gðf ; gÞ:
*Proposition 2.2. Let (g,g ) be a double fuzzy semi-topogenous
order on X and let the mappings gs, gs* : LX · LXﬁ L deﬁned
by gs(f, g) = g(g*, f*)w and gs
 ðf; gÞ ¼ gðg; fÞ; 8 f; g 2 LX:
Then (gs,gs*) is double fuzzy semi-topogenous order on X.
Deﬁnition 2.3. A double fuzzy semi-topogenous order (g,g*) is
called symmetric if (g,g*) = (gs,gs*), that is,
ðLST4Þ gðf;gÞ¼ gðg; fÞ and gðf;gÞ¼ gðg; fÞ; 8 f; g2LX:
Deﬁnition 2.4. A double fuzzy semi-topogenous order (g,g*) is
called double fuzzy topogenous if for any f, f1, f2, g, g1,
g2 2 LX.
ðLST5Þ gðf1  f2; gÞP gðf1; gÞ  gðf2; gÞ and
gðf1  f2; gÞ 6 gðf1; gÞ  gðf2; gÞ,ðLST6Þ gðf ; g1  g2ÞP gðf ; g1Þ  gðf ; g2Þ and
gðf ; g1  g2Þ 6 gðf ; g1Þ  gðf ; g2Þ.Deﬁnition 2.5. A double fuzzy semi-topogenous order (g,g*) is









gðfi; gÞ; for any {g, fi : i 2 C}  LX.
An perfect double fuzzy semi-topogenous order (g,g*) is









gðf; giÞ; for any {g, fi : i 2 C}  LX.
Theorem 2.6. Let ðg1; g1Þ and ðg2; g2Þ be perfect (respectively,
double fuzzy topogenous, biperfect) double fuzzy semi-topoge-
nous order on X. Deﬁne the compositions g1  g2 of g1 and g2
and g1  g2 of g1 and g2 on X by g1  g2ðf; gÞ ¼ _
h2LX
½g1ðf; hÞ
 g2ðh; gÞ and g1  g2ðf; gÞ ¼ ^
h2LX
½g1ðf; hÞ  g2ðh; gÞ:
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nous, biperfect) double fuzzy semi- topogenous order on X.
Proof. Let ðg1; g1Þ and ðg2; g2Þ be perfect double fuzzy semi-
topogenous order on X. Then (LST3) If g1  g2(f,g) „ ^ and
g1  g2ðf; gÞ– > then there exists h 2 LX such that
g1  g2(f,g)P g1(f,h)x g2(h,g) „ ^ and g1  g2ðf; gÞ 6 g1ðf; hÞ
 g2ðh; gÞ – >. It implies f 6 h 6 g.
(LST7) It is proved from:
g1  g2ð _
i2C
















g1  g2ðfi; gÞ;
g1  g2ð _
i2C
















g1  g2ðfi; gÞ:
Others are easily proved. h
Deﬁnition 2.7. A double fuzzy syntopogenous structure on XW
is a non-empty family !XW of double fuzzy topogenous orders
on X satisfying the following two conditions:
(LS1) !XW is directed, i.e. given two double fuzzy
topogenous orders ðg1; g1Þ; ðg2; g2Þ 2 !X; there exists a double
fuzzy topogenous order (g1,g
*) 2 !X such that
gP g1; g2 and g 6 g1; g2.
(LS2) For every (g,g*) 2 !X, there existsðg;1g1Þ 2 !X; such
that g 6 g1  g2and g P g1  g2.
Deﬁnition 2.8. A double fuzzy syntopogenous structure !XW
is called double fuzzy topogenous if !XW consists of a single
element. In this case, !XW = {(g,g
*)} is called a double fuzzy
topogenous structure, denoted by !XW = {(g,g
*)} = (g,g*)
and (X,!X) is called double fuzzy topogenous space.
A double fuzzy syntopogenous structure !XW is called
perfect (resp. biperfect, symmetric) if each double fuzzy
topogenous order(g,g*) 2 !X is perfect (resp.respect, biperfect,
symmetric).
Theorem 2.9. Let (g,g*) topogenous order on X. The mapping
Cg : L
X · L0 · L1ﬁ LX, is deﬁned by
Cg;l ðf; r; sÞ ¼ ^fg 2 LX : gðg; fÞ > r and gðg; fÞ 6 sg:
For each f, f1, f2 2 LX and r, r1, r2 2 L0, s, s1, s2 2 L1, we have
the following properties:
(1) Cg;g ð1;; r; sÞ ¼ 1;.
(2) f 6 Cg;g ðf ; r; sÞ.
(3) If f 1 6 f2; then Cg;g ðf1; r; sÞ 6 Cg;g ðf2; r; sÞ.
(4) Cg;g ðf1  f 2; r  r1; s  s1Þ 6 Cg;g ðf1; r; sÞ 
Cg;g ðf2; r1; s1Þ.(5) If r1 6 r2 and s1 P s2; then Cg;g ðf ; r1; s1Þ 6
Cg;g ðf ; r2; s2Þ.
(6) If ðX ; g; gÞ is double topogenous space, thenCg;g
ðCg;g ðf ; r; sÞ; r; sÞ 6 Cg;g ðf ; r; sÞ.
Proof. (1) Since g(1;, 1;) = > and gð1;; 1;Þ ¼ ? Cg;g
ð1;; r; sÞ ¼ 1;:
(2) Since g(g, f*) „ ^ and g*(g, f*) „ >, g 6 f* implies
f 6 Cg;g ðf; r; sÞ:
(3) and (5) are easily proved.
(4) Suppose that there exists f1, f2 2 LXw such that
Cg;g ðf1  f2; r r1; s  s1Þi Cg;g ðf1; r; sÞ  Cg;g ðf2; r1; s1Þ:
By the deﬁnition of Cg;g there exists g1, g2 2 LX with
gðg1; f1Þir; gðg1; f1Þ 6 s; gðg2; f2Þir1 and gðg2; f2Þ 6 s1 such
that Cg;g ðf1  f2; r r1; s  s1Þig1  g2:
On the other hand,
Wgðg1g2;ðf1  f2ÞÞPgðg1g2;f1Þgðg1g2;f2Þ ðbyLST6Þ
Pgðg1;f1Þgðg2;f2Þ ðbyLST4Þ
grr1;
gðg1g2;ðf1  f2ÞÞ6gðg1  g2;f1Þ  gðg1g2;f2Þ ðbyLST6Þ
6gðg1;f1Þ  gðg2;f2Þ ðbyLST4Þ
6s s1:
It implies Cg;g ðf1  f2; r r1; s s1Þ 6 ðg1  g2Þ ¼ g1  g2W.
It is a contradiction.
(6) Let g(g, f*) ¥ r and g*(g, f*) 6 s. Then g P Cg;g ðf; r; sÞ:
Since (X,g,g*) is double fuzzy topogenous space, by (LS2) of
Deﬁnition 2.7, there exists (g,g*) such that
g 6 g  g and g*P g*  g*. It follows
gðg; fÞ 6 g  gðg; fÞ and gðg; fÞP g  gðg; fÞ:
Since g  g(g, f*) ¥ r and g*  g*(g, f*) ¥ s, there exists h 2 LX
such that
gg(g, f*)P g(g,h)x g(h, f*) ¥ r and
g*  g*(g, f*) 6 g*(g,h) ¯ g*(h, f*) 6 s.
Hence, g P Cg;g ðh; r; sÞ and h P Cg;g ðf; r; sÞ: Thus,
g P Cg;g ðCg;g ðf; r; sÞ; r; sÞ: So,
Cg;g ðCg;g ðf; r; sÞ; r; sÞ 6 Cg;g ðf; r; sÞ: 
Theorem 2.10. Let (X,g,g*) be a double fuzzy topogenous order
space. Deﬁne the maps T g;T

g : L
X ! L by
  T gðfÞ ¼ _fr 2 L0 j Cgðf; r; sÞ 6 fg;
T g ðfÞ ¼ ^fs 2 L1 j Cgðf; r; sÞ 6 fg:
Then, ðT g;T g Þ is double fuzzy topology on X induced by
(g,g*).
Proof. (LO1) clear.
(LO2) Cg;g ð1;; r; sÞ ¼ 1; and Cg;g ð1X; r; sÞ ¼ 1X for all r
2 L0; s 2 L1; T gð1;Þ ¼ T gð1XÞ ¼ > and T g ð1;Þ ¼
T g ð1XÞ ¼? :
(LO3) Suppose there exist f1, f2 2 LXsuch that
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 T g ðf2Þ:
By the deﬁnition of ðT g;T g Þ there exists ri 2 L0, si 2 L1 with
fi P Cg;g ðfi ; ri; siÞ; i ¼ 1; 2 such that
T gðf1  f2Þ j r1  r2 and T g ðf1  f2Þ i s1  s2:
Put r= r1x r2 and s= s1 ¯ s2. By (4–5) of Theorem 2.9, we
have
Cg;g ððf1  f2Þ; r; sÞ 6 ðf1  f2Þ:
Consequently, T gðf1  f2ÞP r and T g ðf1  f2Þ 6 s: Hence
(LO3) holds.











For each j 2 C, there exists rj 2 L0; sj 2 L1 with












Put r ¼ ^
j2C
rj and s ¼ _
j2C
sj: By (4–5) of Theorem 2.9, we have
Cg;g ðð _
j2C
fjÞ; r; sÞ 6 ð _
j2C
fjÞ:
Consequently, T gð _
j2C
fjÞP r and T g ð _
j2C
fjÞ 6 s: Hence (LO4)
holds. h
Deﬁnition 2.11.
Let ðX; g1; g1Þ and ðY; g2; g2Þ be double fuzzy topogenous
order spaces. A function W/ : ðX; g1; g1Þ ! ðY; g2; g2Þ is said
to be topogenous continuous if Wg2ðf; gÞ 6 g1ð/ L ðfÞ;/ L ðgÞÞ
and g2ðf; gÞP g1ð/ L ðfÞ;/ L ðgÞÞ, W for each f, g 2 LY.
Theorem 2.12. Let ðX; g1; g1Þ, ðY; g2; g2Þ and ðZ; g3; g3Þ be
double fuzzy topogenous order spaces. If U : ðX; g1; g1Þ !
ðY; g2; g2Þ and W : ðY; g2; g2Þ ! ðZ; g3; g3Þ are topogenous con-
tinuous, then W  U : ðX; g1; g1Þ ! ðZ; g3; g3Þ is topogenous
continuous.
Proof.
It follows that, for each f, g 2 LZ




L ðfÞ;w L ðgÞ
 
P g3ðf; gÞ;






6 g2ðw L ðfÞ;w L ðgÞÞ
6 g3ðf; gÞ: 
Theorem 2.13. Let ðX; g1; g1Þ and ðY; g2; g2Þ be double fuzzy
topogenous order spaces. If U : ðX; g1; g1Þ ! ðY; g2; g2Þ W is
topogenous continuous, then it satisﬁes the following statements:
(1) /!L ðCg1 ;g1ðf ; r; sÞÞ 6 Cg2 ;g2ð/
!
L ðf Þ; r; sÞ; for each
f 2 LX ; r 2 L0; s 2 L1;
(2) Cg1 ;g1ð/
 
L ðgÞ; r; sÞ 6 /!L ðCg2 ;g2ðg; r; sÞÞ for each
g 2 LX ; r 2 L0; s 2 L1;(3) / : ðX ;T g1 ;T g
1
Þ ! ðY ;T g2 ;T g
2
Þ is fuzzy continuous:
Proof. (1) Suppose there exist f 2 LX, r 2 L0, s 2 L1 such that
/!L ðCg1 ;g1ðf; r; sÞÞ  Cg2 ;g2ð/
!
L ðfÞ; r; sÞ:
By the deﬁnition of Cg2 ;g2 there exists g 2 LY with
g2ðg; ð/!L ðfÞÞÞr and g2ðg; ð/!L ðfÞÞÞ 6 s such that
W/!L ðCg1 ;g1ðf; r; sÞÞi g: ðAÞ
By the topogenous continuity of / we have,
g1ð/ L ðgÞ;/ L ðð/!LðfÞÞÞP g2ðg; ð/!L ðfÞÞÞgr;
g1ð/ L ðgÞ;/ L ðð/!L ðfÞÞÞ 6 g2ðg; ð/!L ðfÞÞÞ 6 s:
Since g1ð/ L ðgÞ; fÞP g1ð/ L g;/ L ðð/!L ðfÞÞÞ and g1ð/ L ðgÞ;
fÞ 6 g1ð/ L ðgÞ;/ L ðð/!L ðfÞÞÞ we have Cg1 ;g1ðf; r; sÞ ¼ð/ L ðgÞÞ ¼ / L ðgÞ: Thus /!L ðCg1 ;g1ðf; r; sÞÞ 6 g: It is a contra-
diction for equation (A).




L ðgÞ; r; sÞÞ 6 Cg2 ;g2ð/
!
L ð/ L ðgÞÞ; r; sÞ




L ðgÞ; r; sÞ 6 / L ð/!L ðCg1 ;g1ð/
 
L ðgÞ; r; sÞÞÞ
6 / L ðCg2 ;g2ðg; r; sÞÞ:
(3) From (2), Cg2 ;g2ðg; r; sÞ ¼ g implies Cg1 ;g1ð/
 
L ðgÞ; r; sÞ ¼
/ L ðgÞ: It is easily proved from Theorem 2.10. h3. Double fuzzy quasi-proximities
Deﬁnition 3.1 (Cetkin and Aygun, 2010). A maps d, d* :
LX · LXﬁ L is called a double fuzzy quasi-proximity on X if it
satisﬁes the following axioms:
(LP1) dðf ; gÞ 6 ðdðf ; gÞÞ; 8 f ; g 2 LX .
(LP2) dð1X ; 1;Þ ¼ dð1;; 1X Þ ¼? and d*(1X, 1;) = d*(1;, 1X)
= >. (LP3) If d(f,g) „ > and d*(f,g) „ ^ then f 6 g*.
item(LO4) If f 6 g then d(f,h) 6 d(g,h) and d*(f,h)P
d*(g,h),
(LP5) d(f1x f2,g1 ¯ g2) 6 d(f1,g1) ¯ d(f2,g2) and d*(f1x
f2,g1 ¯ g2)P d*(f1,g1)x d*(f2,g2).
(LP6) For any f, g 2 LX, there exists h 2 LXsuch that
dðf ; gÞP ^
h2LX
fdðf ; hÞ  dðh; gÞg and dðf ; gÞ 6 _
h2LX
fdðf ; hÞ  dðh; gÞg: The triple (X,d,d*)is double fuzzy
quasi-proximity space.
A double fuzzy quasi-proximity space (X,d,d*) is double
fuzzy proximity space if it satisﬁes:
(LP) d(f,g) = d(g, f) and d*(f,g) = d*(g, f).
Proposition 3.2
(1) Let (X,g,g*) be a double fuzzy (resp. symmetric) topo-
genous space and let the maps dg; d

g : L
X  LX ! L
deﬁned by dg(f,g) = (g(f,g
*))* and dg ðf ; gÞ ¼
Lattice valued double syntopogenous structures 37ðgðf ; gÞÞ; 8f ; g 2 LX : Then ðdg; dg Þ is double fuzzy
quasi-proximity space (resp. double fuzzy proximity
space) on X.
(2) Let (d,d*) be a double fuzzy quasi-proximity space(resp.




X  LX ! L deﬁned by gd(f,g) = (d(f,g*))*
and gd ðf ; gÞ ¼ ðdðf ; gÞÞ; 8f ; g 2 LX : Then ðgd; gd Þ
is double fuzzy (resp. symmetric) topogenous space.
(3) ðd; dÞ ¼ ðdgd ; dg
d
Þandðgdg ; gdg Þ ¼ ðg; g
Þ.
Proof. (1) Since g  gP g and g*  g* 6 g*.
dgðf; gÞ ¼ ðgðf; gÞÞ P ððg  gÞðf; gÞÞ
P ð _
h2LX
fðgðf; hÞ  gðh; gÞgÞ
¼ ^
h2LX
fðgðf; hÞÞ  ðgðh; gÞÞgW
¼ ^
h2LX
fdgðf; hÞ  dgðh; gÞg;
dg ðf; gÞ ¼ ðgðf; gÞÞ 6 ððg  gÞðf; gÞÞ
6 ð ^
h2LX
fðgðf; hÞ  gðh; gÞgÞ
¼ _
h2LX
fðgðf; hÞÞ  ðgðh; gÞÞg
¼ _
h2LX
fdg ðf; hÞ  dg ðh; gÞg:
Let (X,d,d*) be a double fuzzy symmetric topogenous space.
Then
dgðf; gÞ ¼ ðgðf; gÞÞ ¼ ðgðg; fÞ ¼ dgðf; gÞ;
dg ðf; gÞ ¼ ðgðf; gÞÞ ¼ ðgðg; fÞ ¼ dg ðf; gÞ:W
Others are easily proved. h
(2) and (3) are easily proved.
From Theorem 2.9 and 10, we can obtain the following
theorems.
Theorem 3.3. Let (d,d*) be a double fuzzy quasi-proximity
space. The mapping WCd;d : L
X  L0  L1 ! LX deﬁned by
WCd;d ðf; r; sÞ ¼ ^fg 2 LX : dðg; fÞr and dðg; fÞP sg:
For each f, f1, f2 2 LX, r, r1 2 L0 and s, s1 2 L1, we have the fol-
lowing properties:
(1) Cd;d ð1;; r; sÞ ¼ 1;:
(2) f 6 Cd;d ðf ; r; sÞ.
(3) If f1 6 f2; then Cd;d ðf1; r; sÞ 6 Cd;d ðf2; r; sÞ.
(4) Cd;d ðf1  f 2; r  r1; s  s1Þ 6 Cd;d ðf1; r; sÞ
 Cd;d ðf2; r1; s1Þ:
(5) If r 6 r1 and sP s1 then Cd;d ðf ; r; sÞ 6 Cd;d ðf ; r1; s1Þ:
(6) Cd;d ðCd;d ðf ; r; sÞ; r; sÞ 6 Cd;d ðf ; r; sÞ:
Theorem 3.4. Let (X,d,d*) be a double fuzzy quasi-proximity
space. Deﬁne the maps T d,T

d : L
X ! L by
T dðfÞ ¼ _fr 2 L0 : Cd;d ðf; r; sÞ 6 fg;
T d ðfÞ ¼ ^fs 2 L1 : Cd;d ðf; r; sÞ 6 fg:
Then ðT d;T d Þ is double fuzzy topology on induced by (d,d*).Deﬁnition 3.5. Let ðX; d1; d1Þ and ðY; d2; d2Þ be double fuzzy
quasi-proximity spaces. A map / : ðX; d1; d1Þ ! ðY; d2; d2Þ is
said to be quasi-proximity continuous if
d2ðf; gÞP d1ð/ L ðfÞ;/ L ðgÞÞ or d2ðf; gÞ
6 d1ð/ L ðfÞ;/ L ðgÞÞ8f; g 2 LY:
Theorem 3.6. Let ðX; d1; d1Þ andðY; d2; d2Þ be double fuzzy
quasi-proximity spaces. A map / : ðX; d1; d1Þ ! ðY; d2; d2Þ is





Proof. For all f, g 2 LY
d2ðf;gÞP d1ð/ L ðfÞ;/ L ðgÞÞ()ðgd2 ðf;gÞÞP ðgd1 ð/ L ðfÞ;ð/ L ðgÞÞÞ
() gd2 ðf;gÞ6 gd1 ð/ L ðfÞ;/ L ðgÞÞ;
d2ðf;gÞ6 d1ð/ L ðfÞ;/ L ðgÞÞ()ðgd2 ðf;g
ÞÞ6 ðgd1 ð/
 




L ðfÞ;/ L ðgÞÞ: 4. Double fuzzy quasi-uniform spaces and double fuzzy
syntopogenous spaces
Now we recall some notions and terminologies about double
fuzzy quasi-uniform spaces used in this paper.
Let X(LX) denote the family of all mappings a : LXﬁ LX
with the following properties:





aðfiÞ; for each fi 2 LX:
For a, b 2 X(LX), we have that a	1, ax b and a  b 2 X(LX)
by
a	1ðfÞ¼^fg j aðgÞ6 fg;
ðabÞðfÞ¼^faðf1Þ  bðf2Þ j f1  f2¼ fg and ðabÞðfÞ¼ aðbðfÞÞ:
Deﬁnition 4.1. The mappings U;U : XðLXÞ ! L is called a
double fuzzy quasi-uniformity on X if it satisﬁes the following
conditions: for a, b 2 X(LX),
(LU1) UðaÞ 6 ðUðaÞÞ; for all a 2 XðLX Þ;
(LU2) Uða bÞP UðaÞ  UðbÞ and Uða bÞ
6 UðaÞ  UðbÞ.
(LU3) there exists a 2 XðLX Þ such that UðaÞ ¼ > and
UðaÞ ¼?
(LU4) UðaÞ 6 _fUðbÞ : b  b 6 ag
and UðbÞP fUðbÞ : b  b 6 ag.
The triple ðX;U;UÞ is said to be double fuzzy quasi-
uniform space.
A double fuzzy quasi-uniform space ðX;U;UÞ is said to be
a double fuzzy uniform space if it satisﬁes.
ðLUÞ UðaÞ ¼ Uða	1Þ and UðaÞ ¼ Uða	1Þ:
Deﬁnition 4.2. The mappings B;B : XðLXÞ ! L is called a
double fuzzy quasi-uniform base on X if it satisﬁes the follow-
ing conditions: for a, b 2 X(LX),
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(LUB2) BðaÞ BðbÞP _fBðbÞ : b 6 a bg and BðaÞ
 BðbÞ 6 ^fBðbÞ : b 6 a bg.
(LUB3) there exists a 2 X(LX) such that BðaÞ ¼ > and
BðaÞ ¼?
(LUB4) BðaÞ 6 _fBðbÞ : b  b 6 ag and BðaÞP ^
fBðbÞ : b  b 6 ag.
A double fuzzy quasi-uniform base ðB;BÞ on X is said to be
double fuzzy uniform base if it satisﬁes




B : XðLXÞ ! L as
UBðaÞ ¼ _fBðbÞ : b 6 ag and UB ðaÞ ¼ ^fBðbÞ : b 6 ag:
Then (UB;U

B) is double fuzzy uniformity on it X.
Proof. (LU) For each Wa 2 X(LX)




















Since a= (a	1)	1, we have UBða	1Þ 6 UBðaÞ and
UB ða	1ÞP UB ðaÞ: h
Other cases are easily proved.
Deﬁnition 4.4. Let !X be a double fuzzy biperfect syntopo-
genous structure on X. The mappings S;S : !X ! L is called
double fuzzy syntopogenous structure on X if it satisﬁes the
following conditions: for for ðg; gÞ; ðg1; g1Þ; ðg2; g2Þ 2 !X.
(LT1) Sðg; gÞ 6 ðSðg; gÞÞ.
(LT2) There exists (g,g*) 2 ! such that Sðg; gÞ ¼ > and
Sðg; gÞ ¼ ?




g and Sðg1; g1Þ
 Sðg2; g2ÞP ^fSðg; gÞ : g1;
g2 6 g and g1; g2 P gg.
(LT4) Sðg; gÞ 6 _fSðg1; g1Þ : g1  g2 P g and g1  g2
6 gg and Sðg1; g1ÞP ^fSðg1; g1Þ :
g1  g2 P g and g1; g2 6 gg.
The triple ðX;S;SÞ is said to be double fuzzy syntopo-
genous space.
A double fuzzy syntopogenous space ðX;S;SÞ is said to be
double fuzzy symmetric syntopogenous space if it satisﬁes
ðLSTÞ ;Sðg; gÞ 6 _fSðn; nÞ : nP gs and n 6 gsg;
Sðg; gÞP ^fSðn; nÞ : nP gs and n 6 gsg:Lemma 4.5. To every a 2 X(LX), we deﬁne ga; ga : LX
LX ! L as
gaðg; fÞ ¼




?; if fP aðgÞ;
> otherwise:

Then it satisﬁes the following properties:
(1) The maps ga; g

a 2 !X is double fuzzy biperfect
topogenous order.
(2) If a 6 b; then gb 6 ga and gb 6 ga.
(3) If b 6 a1  a2; then ga1 ; ga2 6 gb and ga1 ; ga2 P gb.
(4) For each a 2 XðLX Þ;we have ðgsa; gsa Þ ¼ ðga	1 ; ga	1Þ.
(5) If b  b 6 a; then gb  gb P ga and gb  gb 6 ga.
Proof. (1) Since Wa(1X) = 1X and a(1;) = 1;, then
ga(1X, 1X) = ga(1;, 1;) = >W and gað1X; 1XÞ ¼ gað1;; 1;Þ ¼?
Let gaðg; fÞ– ? and gaðg; fÞ– >: Then gaðg; fÞ ¼ >
and gaðg; fÞ ¼? implies g 6 a(g) 6 f. Since g 6 g1 and f1 6 f
implies a(g) 6 a(g1), thengaðg1; f1Þ 6 gaðg; fÞ and gaðg1; f1ÞP
gaðg; fÞ: To prove the biperfect condition, since að _
i2C
giÞ ¼







gi; fÞ 6 _
i2C
gaðgi; fÞ: Since g 6 ^
i2C
fj iff g 6 fj










Others are similarly proved.
(2) Since WaðgÞ 6 bðgÞ; gb 6 ga and gb P ga:
(3) Since a1x a2(g) 6 a1(g) ¯ a2(g)W we have a1x a2 6 a1.
From (2),
ga1 6 gb and ga1 P g

b: Similary ga2 6 gb and ga2 P g

b.W
(4) It easily proved from a	1(g) 6 f iff a(f*) 6 g*.
(5) From (2), we only show that gb  gb ¼ gbb and
gb  gb ¼ gbb: Since gb  gbðg; fÞ ¼ _fgbðg; hÞ  gbðh; fÞ :
h 2 LXgandgb gbðg; fÞ ¼ ^fgbðg; hÞ  gbðh; fÞ : h 2 LXg; we
have
gb gbðg;fÞ¼




? if fP bðbðgÞÞ;
>otherwise:

From Lemma 4.5, we easily prove the following theorem. h
Theorem 4.6. Let B;B : XðLXÞ ! L be double fuzzy quasi-uni-
form (resp. double fuzzy uniform) base on X. Deﬁne
SB;S

B : !X ! L as
SBðga; ga Þ ¼ BðaÞ and SB ðga; ga Þ ¼ BðaÞ:
Then ðSB;SB Þ is double fuzzy (resp. double fuzzy symmetric)
syntopogenous structure on X.
Theorem 4.7. Let U;U : XðLXÞ ! L be a double fuzzy quasi-
uniformity on X.
The mapping CU;U : L
X  L0  L1 ! LX; is deﬁned by
Lattice valued double syntopogenous structures 39CU;U ðf; r; sÞ ¼ ^faðfÞ : UðaÞP r and UðaÞ 6 sg:
For each f, f1, f2 2 LX, r, r1, r2 2 L0 and s, s1, s2 2 L1, we have
the following properties:
(1) CU;U ð1;; r; sÞ ¼ 1;,
(2) f 6 CU;U ðf ; r; sÞ,
(3) iff1 6 f2; then CU;U ðf1; r; sÞ 6 CU;U ðf2; r; sÞ,
(4) CU;U ðf1  f 2; r  r1; s  s1Þ 6 CU;U
ðf1; r; sÞ  CU;U ðf2; r1; s1Þ,
(5) ifr1 6 r2 and s1 P s2; then
CU;U ðf1; r1; s1Þ 6 CU;U ðf2; r2; s2Þ,
(6) CU;U ðCU;U ðf ; r; sÞ; r; sÞ 6 CU;U ðf ; r; sÞ.Proof
(1) Since Wað1;Þ ¼ 1;;CU;U ð1;; r; sÞ ¼ 1;:
(2) Since Wf 6 a(f), W implies Wf 6 CU;U ðf ; r; sÞ;
(3) and (5) are easily proved.
(4) Conversely, suppose there exist f, f1, f2 2 LX, r, r1,
r2 2 L0 and s, s1, s2 2 L1, such that
 CU;U ðf1  f 2; r  r1; s  s1Þi ! CU;U ðf1; r; sÞ 
CU;U ðf2; r1; s1Þ
There exist a1; a2 2 XðLXÞ with Uða1ÞP r; Uða1Þ
6 s; Uða2ÞP r1; Uða2Þ 6 s1; such that CU;U ðf1  f2;
r r1; s  s1Þ a	ðf1Þ  aðf2Þ:
On the other hand, Uða1  a2ÞP Uða1Þ Uða2ÞP
r r1;U ða1  a2Þ 6 Uða1Þ  Uða2Þ 6 s  s1 and
(a1x a2)(f1 ¯ f2) 6 a1(f1) ¯ a2(f2), we have CU;U ðf1  f2;
r r1; s  s1Þ 6 ða1  a2Þðf1  f2Þ 6 a1ðf1Þ  a2ðf2Þ: It is a
contradiction.
(6) Suppose there exist Wf 2 LX, r 2 L0 and s 2 L1 such that
CU;U ðCU;U ðf; r; sÞ; r; sÞi  CU;U ðf; r; sÞ:
There exists a 2 X(LX)W with UðaÞP r and UðaÞ 6 s; ‹
such that ‹ CU;U ðf; r; sÞ 6 aðfÞ: On the other hand,
UðaÞP r and UðaÞ 6 s; by (LSU3), there exists a1 2 X(LX)
‹ such that a1  a2 6 a;Uða1ÞP r and Uða1Þ 6 s. W Since
CU;U ðf; r; sÞ 6 a1ðfÞ, W we have
CU;U ðCU;U ðf; r; sÞ; r; sÞ 6 CU;U ða1ðfÞ; r; sÞ 6 a1ða1ðfÞÞ 6 aðfÞ:
Thus CU;U ðCU;U ðf; r; sÞ; r; sÞ 6 aðfÞ: It is a contradiction. h
Deﬁnition 4.8. Let ðX;U;UÞ and ðY;V;VÞ be double fuzzy
uniform (resp. double fuzzy quasi-uniform) spaces. A mapping
WW / : ðX;U;UÞ ! ðY;V;VÞ is said to be uniformly contin-
uous (resp. quasi-uniformly continuous) if
VðaÞ 6 Uð/ L ðaÞÞ and VðaÞP Uð/ L ðaÞÞ; 8 a 2 XX;
where U / L ðaÞðfÞ ¼ / L ðað/!L ðfÞÞÞ for all f 2 LX:
From Theorem 4.3, we easily prove the following theorem.
Deﬁnition 4.9. Let ðX;B1;B1Þ and ðY;B1;B1Þ be double fuzzy
quasi-uniform bases. If B2ðaÞ 6 B1ð/ L ðaÞÞ and
B2ðaÞP B1ð/ L ðaÞÞ for all a 2 X(LY) then / : ðX;UB1 ;
UB
1
Þ ! ðY;UB2 ;UB
2
Þ is quasi-uniformly continuous.Theorem 4.10. Let ðX;U;UÞ; ðY;V;VÞ and ðZ;W;WÞ be
double fuzzy quasi-uniform spaces. If / : ðX;U;UÞ
! ðY;V;VÞ and w : ðY;V;VÞ ! ðZ;W;WÞ are quasi-uni-
formly continuous, then w  / : ðX;U;UÞ ! ðZ;W;WÞ is
quasi-uniformly continuous.
Theorem 4.11. Let ðX;U;UÞandðY;V;VÞ be double fuzzy
quasi-uniform spaces. Let / : ðX;U;UÞ ! ðY;V;VÞ be
quasi-uniformly continuous. Then:
(1) /!L ðCU;U ðf ; r; sÞÞ 6 CV;V ð/!L ðf Þ; r; sÞ; for each f 2 LX,
r 2 L0, s 2 L1.
(2) CU;U ð/ L ðgÞ; r; sÞ 6 / L ðCV;V ðg; r; sÞÞ; for each g 2 Ly,
r 2 L0, s 2 L1.
(3) / : ðX ;T U ;T U Þ ! ðY ;T V ;T V Þ is fuzzy continuous.
Proof. (1) Suppose there exist f 2 LX, r 2 L0 and s 2 L1 such
that
/!L ðCU;U ðf; r; sÞÞi CV;V ð/!L ðfÞ; r; sÞ:
There exists a 2 XðLYÞ with VðaÞP r and VðaÞ 6 s such
that CV;V ð/!L ðfÞ; r; sÞi a
	ð/!L ðfÞÞ:
On the other hand, / is quasi-uniformly continuous,
Uð/ L ðaÞÞP VðaÞP r and Uð/ L ðaÞÞ 6 VðaÞ 6 s:
It implies að/!L ðfÞÞð/ðxÞÞ ¼ / L ðaÞðfÞðxÞP CU;U ðf; rÞðxÞ: It is
a contradiction.
(2) and (3) are similarly proved as Theorem 2.13. h
Theorem 4.12. Let ðX;S;SÞ be a double fuzzy syntopogenous
space. The mapping CS;S : L
X  L0  L1 ! LX; is deﬁned by
CS;S ðf; r; sÞ ¼ ^fg : gðf; gÞ >?; gðf; gÞ 6 >;Sðg; gÞ
P r and Sðg; gÞ 6 sg:
For each Wf, f1, f2 2 LX, r, r1, r2 2 L0 and s, s1, s2 2 L1,we have
the following properties:
(1) CS ;S
ð1;; r; sÞ ¼ 1;;
(2) f 6 CS ;Sðf ; r; sÞ;
(3) if f 1 6 f2;CS ;Sðf1; r; sÞ 6 CS ;Sðf2; r; sÞ;
(4) CS ;S
ðf1  f2; r  r1; s s1Þ 6 CS ;Sðf1; r; sÞ
CS ;Sðf2; r1; s1Þ;
(5) if r1 6 r2 and s1 P s2; then CS ;Sðf ; r1; s1Þ
6 CS ;Sðf ; r2; s2Þ;
(6) CS ;S
ðCS ;Sðf ; r; sÞ; r; sÞ ¼ CS ;Sðf ; r; sÞ.
Proof. (1) Since W gð1;; 1;Þ ¼ > and gð1;; 1;Þ ¼? for
Sðg; gÞ ¼ >;Sðg; gÞ ¼ ?;
CS ;S ð1;; r; sÞ ¼ 1;;
(2) Since Wf 6 g for gðf; gÞ ? and gðf; gÞ 6 >;
f 6 CS ;Sðf; r; sÞ:
(3) and (5) are easily proved.
(4) Suppose there exist f1, f2, 2 LX, r, r1 2 L0 and s, s1 2 L1
such that
40 S.E. Abbas, A.A. Abd-AllahCS ;S
ðf1  f2; r r1; s s1ÞiCS ;Sðf1; r; sÞ
 CS ;Sðf2; r1; s1Þ:
There exist,
ðg1;g1Þ;ðg2;g2Þ 2X withSðg1;g1ÞP r;Sðg2;g2ÞP r1;Sðg1;g1Þ6 s;
Sðg2;g2Þ6 s1;giðfi;giÞi? and g1ðfi;giÞ6> such that;
CS;S ðf1 f2;r r1;s s1Þig1g2:
On the other hand, Sðg1; g1Þ  Sðg2; g2ÞP r and S
ðg1; g1Þ  Sðg2; g2Þ 6 s; by (LT2) of Deﬁnition 4.4, there ex-
ist WgP gi; g 6 gi ;Sðg; gÞP r and Sðg; gÞ 6 s such that
gðf1  f2; g1  g2ÞP gðf1; g1  g2Þ  gðf2; g1  g2Þ
P gðf1; g1Þ  gðf2; g2Þ
P g1ðf1; g1Þ  g2ðf2; g2Þi ? :
Hence CS;S ðf1  f2; r r1; s s1Þ 6 g1  g2: It is a
contradiction.
gðf1  f2; g1  g2Þ 6 gðf1; g1  g2Þ  gðf2; g1  g2Þ
6 gðf1; g1Þ  gðf2; g2Þ
6 g1ðf1; g1Þ  g2ðf2; g2Þ 6 >:
(6) Suppose there exist Wf 2 LX, r 2 L0 and s 2 L1 such that
CS;S ðCS;S ðf; r; sÞ; r; sÞiCS;S ðf; r; sÞ:
There exists Wg 2 LX with Sðg; gÞP r; S ðg; gÞ 6 s; gðf; gÞ
i ? and gðf; gÞ 6 >,
such that ‹CS;S ðf; r; sÞ 6 g: On the other hand,
Sðg; gÞir and Sðg; gÞ 6 s; ‹ by (LT3) of Deﬁnition 4.4,
there exists (f,f*) 2 X such that
ðf; fÞ  ðf; fÞP ðg; gÞ; Sðf; fÞP r and Sðf; fÞ 6 s:
Since f  f(f,g) ¥ ^ and f*  f*(f,g) 6 >, here exists q 2 LX
such that f(f,q)x f(q,g) ¥ ^ and f*(f,q) ¯ f*(q,g) 6 >. It
implies CS;S ðf; r; sÞ 6 q;CS;S ðq; r; sÞ 6 g: Hence CS;S ðCS;S
ðf; r; sÞ; r; sÞ 6 g: Thus, CS;S ðCS;S ðf; r; sÞ; r; sÞ 6 g: It is a
contradiction. h
Deﬁnition 4.13. Let ðX;S;SÞ be a double fuzzy syntopogen-
ous space. Deﬁne the maps T S ;T

S : L
X ! L by
T SðfÞ ¼ _fr 2 L0 : CS;S ðf; r; sÞ 6 fg;
T S ðfÞ ¼ ^fs 2 L1 : CS;S ðf; r; sÞ 6 fg:
Then ðT S ;T S Þ is a double fuzzy topology on Xinduced by
ðS;SÞ:
Theorem 4.14. Let ðX;S1;S1Þ and ðY;S2;S2Þ be double fuzzy
syntopogenous space. A map / : ðX;S1;S1Þ ! ðY;S2;S2Þ is
said to be syntopogenous continuous if for each (f,f*) 2 Y, here
exists (f,f*) 2 Xwith gð/ L ðgÞ;/ L ðfÞÞP fðg; fÞ and gð/ L ðgÞ;
/ L ðfÞÞ 6 fðg; fÞsuch that S2ðf; fÞ 6 S1ðf; fÞ and
S2ðf; fÞP S1ðf; fÞ:
Theorem 4.15. Let ðX;S1;S1ÞandðY;S2;S2Þ be double fuzzy
syntopogenous space. Let / : ðX;S1;S1Þ ! ðY;S2;S2Þ be syn-
topogenous continuous. Then we have the following properties:(1) /!L ðCS1 ;S1ðf ; r; sÞ 6 CS2 ;S2ð/!L ðf Þ; r; sÞ;
f 2 LX ; r 2 L0; and s 2 L1:
(2) CS1 ;S1ð/ L ðgÞ; r; sÞ 6 / L ðCS2 ;S2ðg; r; sÞÞ;
g 2 LY ; r 2 L0; and s 2 L1:
(3) / : ðX ;T S1 ;T S1Þ ! ðY ; ;T S2 ;T

S2
Þ is fuzzy continuous.
Proof. (1) Suppose there exsit f 2 LX, r 2 L0, and s 2 L1 such
that
W/!L ðCS1 ;S1ðf; r; sÞi CS2 ;S2 ð/!L ðfÞ; r; sÞ:
There exists ðf; fÞ 2 X with S2ðf; fÞP r;S2ðf; fÞ 6 s; fð/!L
ðxÞ; gÞ ? and fð/!L ðxÞ; gÞ 6 > such that CS2 ;S2ð/!L ðfÞ;
r; sÞ 6 g: On the other hand, / is syntopogenous continuous,
for each (f,f*) 2 Y, there exsits (f,f*) 2 X, with
gð/ L ð/!L ðfÞÞ;/ L ðgÞÞP fð/!L ðfÞ; gÞ and gð/ L ð/!L ðfÞÞ;
/ L ðgÞÞ 6 fð/!L ðfÞ; gÞ such that S1ðg; gÞP S2ðf; fÞ
P r and S1ðg; gÞ 6 S2ðf; fÞ 6 s:
It implies CS1;S1ðf; r; sÞ 6 / L ðgÞ: It is a contradiction. hReferences
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